Non-ideal relativistic hydrodynamics is formulated with respect to ducial observers (FIDOs). Three types of theories for dissipative relativistic uids are considered, which have di erent causality properties, and di erent complexity of the equations that determine the dissipative uxes. The 3+1 equations for these uid theories are given in terms of the three-space quantities which correspond to those familiar from non-relativistic physics.
Introduction
Dissipative gasdynamical processes in strong gravitational elds play an important role in various astrophysical and cosmological scenarios. Examples include the astrophysics of compact objects, notably accretion ows onto neutron stars and black holes, gravitational collapse, the merging of compact objects, stability of (rotating) relativistic stars, and the evolution of density uctuations or structure formation in the early universe. The dissipation is either due to non-ideal interactions between gas particles, due to turbulent uid motion in high Reynolds number ows, or due to collective processes in the collisionless regime. The rst situation corresponds to the standard Navier{Stokes{Fourier equations, and in certain situations also a gasdynamical description of the latter two is justi ed or common practice, like in accretion discs and jets around compact objects, where it has considerably improved our understanding.
Dissipative uids, like ideal uids, are described by conservation laws for the particle current vector and the (symmetric) stress-energy tensor. A thermodynamic equilibrium state of a non-ideal theory can be characterized by the ve independent dynamical elds which describe a (reversible) thermodynamic process in ideal uid dynamics, and one often choses two scalar equilibrium state variables and the three independent components e-mail: jpeitz@cfa.harvard.edu y e-mail: appl@gaia.iwr.uni-heidelberg.de of the preferred four-velocity. A general non-equilibrium state or irreversible thermodynamic process is to be characterized by 14 (or more) independent dynamical elds. These are, in addition to the ideal elds, the projections of the stress-energy tensor parallel and orthogonal to the preferred velocity (dissipative uxes), e.g., the trace and tracefree part of the spatial stress tensor, and the spatial heat ux vector. The canonical description of dissipative uids is by the Navier{Stokes{Fourier equations, and the relativistic generalizations thereof by Eckart 4] and Landau & Lifshitz 12 ]. Eckart's theory provides constitutive equations relating the dissipative uxes to the (projected) gradients of the ideal elds, and thus only the ideal elds are dynamical. The constitutive equations result from the entropy and relativity principles, and from the restriction of the entropy ux vector to be linear in the dissipative uxes (standard irreversible thermodynamics). It is well-known that Eckart's theory is not hyperbolic, i.e., it possesses several physically non-acceptable shortcomings like the absence of an initial-value formulation, unstable equilibrium states, and in nite signal speeds for dissipative uctuations.
A strategy to circumvent these di culties is to enlarge the set of dynamical elds (to the above 14, or more), and correspondingly the set of dynamical equations as to the nal system being symmetric hyperbolic (in the sense of Friedrichs & Lax 5] ) with subluminal signal speeds. The new dynamical equations will contain new, a priori arbitrary functions (such as transport coe cients, relaxation times, etc.), generally constrained by causality as well as by the entropy and relativity principles. While there is only one Navier{Stokes{ Fourier theory, several hyperbolic relativistic theories for dissipative uids exist. The structure of a broad class of such theories has been discussed by Geroch & Lindblom 7] . A particular important subclass are the theories of divergence type, where the dissipative uxes are subject to a conservatation equation. As an example we chose the formulation of such a theory by Liu, M uller, & Ruggeri 15] .
The second type of uid theory considered here was formulated by M uller 17] and relativistically generalized by Israel 9] and Israel & Stewart 10] . These are based upon extended irreversible thermodynamics, where the entropy current vector of standard thermodynamics is extended by including terms that are quadratic in the dissipative uxes. The entropy and relativity principles then yield transport equations for the dissipative uxes, rather than conservation laws, as well as certain bounds on the new thermodynamic potentials (e.g., Hiscock & Lindblom 8] ). It is apparently not known whether the Israel{Stewart theory possesses a representation of the Geroch & Lindblom 7] type, i.e. whether it is hyperbolic or not. However, the divergence-type conservation equations can be written in a form that allows to identify the M uller{Israel{Stewart transport operators (with di erent coe cients), plus additional explicitly non-linear contributions (cf Liu, M uller, & Ruggeri 15]). In this sense the transport equations are an approximation to the causal divergence-type theories. Finally, whereas none of the eight additional thermodynamic potentials of M uller{Israel{Stewart are known, the thermodynamic potentials within Liu{M uller{Ruggeri's divergence-type theory are largely known functions of the equilibrium state variables. The causal divergence-type theories are therefore more complete than the earlier theories based on extended second order theormodynamics. Nevertheless, the Israel{Stewart theory in its most simple form provides the cheapest extension of Eckart's theory towards nite signal speeds, and is therefore appealing for astrophysical modeling. Extended uid theories are still rarely applied in astrophysical models, which we believe is also due to the lack of an appropriate formulation. The purpose of this paper is to provide such a formulation for the three most relevant theories for dissipative relativistic uid dynamics.
The appropriate formalism for the numerical evolution of relativistic systems is the 3+1 formalism, originally due to Arnowitt, Deser, & Misner 2], where the equations are formulated with respect to a set of ducial observers (FIDOs') such that there exists a global time parameter (the FIDOs proper time). The 3+1 equations then describe the evolution of dynamical elds on (curved) three-dimensional hypersurfaces of constant FIDO proper time. Peitz 19] and Peitz & Appl 20] (PA) have given a 3+1 formulation for the standard Navier{Stokes{Fourier equations, and for a minimal subset of the M uller{Israel{Stewart transport equations, which results from the simplifying assumption that any of the non-ideal thermodynamic potentials vanish except for the standard coe cients of bulk viscosity, thermal conductivity, and shear viscosity, and three relaxation times for the dissipative uxes. The PA expressions were for all components of the dissipative uxes, regardless of the fact that these are not independent. A particular attractive choice for the independent components is suggested by analogy with the non-relativistic equations, and we shall use this consideration in section 3 to derive a convenient set of 3+1 equations for the three types of dissipative relativistic uid theories, reviewed in section 2. Having at hand an appropriate 3+1 formulation for dissipative relativistic uid theories, the important question arises which of these theories to apply for a particular model. Section 4 contains a brief discussion of issues related to this question.
Dissipative relativistic uid dynamics
Theories for dissipative relativistic uid dynamics are brie y reviewed. As in PA, tensor elds of rank 1 on four-dimensional spacetime appear in roman, e.g., T; u; , whereas scalar functions and tensor components are in italic (with greek indices running through 0; 1; 2; 3). Units are such that c = 1, the metric g has signature convention (?; +; +; +), with r its compatible connection. The symmetrization operator on spacetime is denoted by and de ned in the usual manner as the normalized sum over all permutations, e 0 ::: e n = 1 n! X (e 1 ::: e n ) :
(1)
Divergence-type theories
Relativistic kinetic theory implies that dissipative relativistic uids be subject to the conservation laws r N = 0 ; (2) r T = 0 ; (3) r F = P ; (4) where N, T, and F are, respectively, the rst, the second, and the third moments of the distribution function, i.e., N is the particle current, T is stress-energy, and F is the tensor of uxes with P the corresopnding (collision) production density. Kinetic theory suggests that T and F (and thus P) are symmetric, and shows that the trace of (4) reduces to (2) . Thus P is trace-free, and N is the contraction of F. Fluid theories of the form (2){(4) are referred to as divergence-type theories. Equations (2){(4) cannot serve as eld equations for the 14 dynamical elds N and T, unless constitutive equations for F and P are formulated. These are restricted only by the requirement for hyperbolicity, as well as the relativity principle and the entropy principle, stated as r S 0 ; (5) where S is the entropy current. Within extended thermodynamics, the quantities F, P, and S, depend on only the dynamical variables N and T.
The general representation for the dynamical elds N and T is N = nu ; (6) T = u u +ph + 2 q u + ; (7) where u is the four-velocity of the uid in the particle frame (local rest frame=LRF), normalized to u u = ?1. The corresponding operator h = g + u u projects into the three-space orthogonal to u. The contributions to N and T are all with respect to LRF, n = ?u N ; (8) = u (u T) ; (9) q = ?u (h T) ; (10) = h (h T) ? 1 3p h ; (11) p = h : T ; (12) where n is the particle number density, the energy density, q the heat ux, the stress deviator, withp = (p + ) the total (equilibrium plus non-equilibrium) pressure. Equilibrium is de ned as a process with vanishing production, P = 0, which by (4) corresponds to nine conditions. These can be satis ed by setting = q = = 0, and specifying an equation of state relating the equilibrium state variables p, n, and .
General representation theorems exist for the constitutive quantities F, P, and S, in accordance with the principle of relativity. 1 + C 1 )( g u + 2u u u) +C 3 ( g q + 6 u u q ) + C 5 u ; (15) As required, in equilibrium P = 0 and S = sN, with s the speci c entropy. Furthermore, P is trace-free, and the contraction of F is m 2 N, with m the particle rest mass. Projecting the conservation laws (2){(4) and insertion of P yields the equations of motion, r N = 0 ; (16) u (r T) = 0 ; (17) h (r T) = 0 ; (18) u (u (r F) = 3B 1 ; (19) h (u (r F) = ?B 4 q ; (20) h (h (r F) ? 1 3 tr(r F)h = B 3 ; (21) namely the continuity equation, the energy equation and the momentum equation, as well as ux equations for the viscous bulk pressure, the heat ux, and the viscous stresses.
Liu, M uller, & Ruggeri 15] showed that the coe cients A 1 through C 5 are strongly restricted by the entropy principle (5) in their dependence on and T, once the equilibrium state functions n; ; p; C 0 1 , and s are known as functions of the speci c Gibbs free energy or chemical potential and the absolute temperature T. J uttner's 11] equilibrium distribution for an ideal gas then yields explicit expressions which contain only one unknown function of one (equilibrium state) variable, and three (negative valued) functions of two variables, namely B 1 , B 3 and B 4 . In particular, A 1 = 0 and A 0 2 = 1=T . 1 
Eckart's theory
The standard theory for dissipative relativistic uid dynamics is due to Eckart 4] , and leads to the relativistic Navier-Stokes-Fourier equations of motion (cf. Landau & Lifshitz 12] ). The conservation laws (2) and (3), with N and T given by (6) and (7), respectively, together with the standard thermodynamics entropy current S = sN + q=T (22) and the assumption that T satis es Gibbs' relation, yield an entropy generation rate in agreement with (5) for non-equilibrium thermodynamics. In addition to the conservation laws (2) and (3), with N and T given by (6) and (7) 
The coe cients 0 ; 1 ; 2 model deviations of the LRF-entropy density from sn, and 0 ; 1 model changes in the entropy current due to possible viscous-heat ux couplings.
The complete set of constitutive equations actually contains additional contributions to X, Y, Z, involving the gradients of the 's and 's, plus two additional thermodynamic coe cients (Hiscock & Lindblom 8] ). These terms were absent in the original formulation by M uller and Israel, and are omitted here for simplicity.
Unfortunately, nothing can be said about the M uller{Israel{Stewart thermodynamic potentials from thermodynamic arguments. However, it is again possible to recover the constitutive equations (29){(31) from the the Liu{M uller{Ruggeri equations, e.g., by calculating (4) with (15), thereby neglecting any terms that are products of dissipative uxes and gradients of the ideal dynamical elds. Therefore, the M uller{Israel{Stewart theory is also contained within the divergence-type theories as an approximation. Like in the case of Eckart, this allows to relate the (unknown) functions ; ; ; 0 ; 1 ; 0 ; 1 ; 2 (and in particular the relaxation times 0 ; 1 ; 2 ) to the potentials of the divergence theory.
The appealing feature of the M uller{Israel{Stewart constitutive equations (32){(34) is that they are time-dependent transport equations, rather than constraints. which states that the dissipative uxes f ; q; g evolve towards the corresponding standard dissipative uxes (23){(25) on nite relaxation times 0 = 0 , 1 = 1 , 2 = 2 2 . Setting 0 and 1 to zero, we neglect any couplings between the transport equations for f ; q; g. This simpli es applications considerably, and we shall therefore restrict ourselves to this case for a 3+1 representation.
3 Dissipative relativistic uid dynamics in 3+1
Fiducial congruence
The 3+1 formalism is a representation of physical laws with respect to a congruence of timelike ducial observers (FIDOs). The FIDO four-velocityn de nes the time direction, e 0 n, and fe i g is a basis on spacelike three-dimensional hypersurfaces orthogonal ton (horizontal hypersurfaces). Tensor components with respect to an orthonormal horizontal basis correspond to physical quantities, as they would be measured by the FIDOs. For the concept of the 3+1 formalism we refer to the standard sources (e.g., Thorne & MacDonald 21] ). In brief, since a regular metric can always be cast into the form g = ? 2 dt dt + g ij (dx i + i dt) (dx j + j ) ; (38) it is suggestive to adopt the unit timelike eld 
where symmetrization is as de ned in (1), and the symmetric elds S = S i e i , T = T ij e i e j , and F = F ijk e i e j e k are horizontal. Without explicit de nition we shall also use the short notation A = SA, B = TB, and C = FC. As an example, the metric g and uid velocity u are represented as g = ?e 0 e 0 + g ; A complete split involves 3+1 representations for the elds N, T, P, and F, together with the equations governing their evolution. The representation of T, P, and F involves the 3+1 parts , Eq and Sq, as well as E , S , and T of the dissipative uxes f ; q; g.
Not all of them are independent. Orthogonality to the uid velocity eld, q u = u = 0, together with tr( ) = 0, yields 3 and 5 independent components, respectively. Analogy with non-relativistic physics suggests to generally eliminate Eq in favour of Sq, as well as E and S in favour of T , though di erent choices might be more appropriate in particular applications. Orthogonality naturally holds also for the dissipative forces D ln T + a and . The 3+1 representation of the orthogonality relations for q and is 0 = S q S u ? E q E u 7 ! E q = S q v ; and allows to eliminate one more component of T . Substituting Eq, E and S in this way, it remains to provide expressions for one scalar function, the bulk viscous pressure , three components of the horizontal heat ux vector q, and ve components of the horizontal viscous stress tensor , as in non-relativistic physics. 2 
Standard conservation laws
The evolution of the FIDO particle number density EN (or equivalently LRF rest-mass density m EN) is according to the 3+1 representation of (2), and the 3+1 representation of (3) yields evolution equations for both the FIDO total energy density ET and the 
S T = n~ u + S q + E q u + S ;
T T = n~ u u +pg + 2 u S q + T ;
The corresponding equations (100) and (102) of PA contain a wrong sign. with = ( +p)=n the chemical potential or speci c relativistic enthalpy, andp p+ the total (ideal plus bulk) pressure, and~ + =n.
Divergence-type evolution equations
Finally, the evolution of the FIDO uxes EF, SF, and FF is according to the 3+1 representation of (4) 
Eckart's constraint equations
The complete 3+1 representation of the constraints (23){(25) was given in PA. 
Discussion
The equations of a causal divergence-type theory will often require modi cation in applications. This is, on the one hand, due to their complexity, making simulations expensive and restricting analytical studies to highly idealized, symmetric situations. A second complication is related to the physical content of the causal uid theories. The transport coe cients, e.g., as derived within the divergence-type theory of Liu, M uller, & Ruggeri 15] , describe transport by the gas particles. The coe cients and additional potentials depend on the equilibrium state variables of the (relativistic) gas. The theory is therefore appropriate for microscopic (gas) transport. It is known, however, that microscopic transport is orders of magnitude too ine cient to account for the observed properties of many astrophysical systems. Examples include angular momentum transport in accretion discs and heat transport in stars, where macroscopic transport due to (magneto-) hydrodynamical turbulence is believed to operate. The proper analysis of these ows, if not modeled directly from the causal uid equations, requires a turbulence model on top of a causal uid theory. In the absence of such a description, we may assume as a rst approximation that the turbulence in these systems does indeed behave like a uid. The equations of causal dissipative uid dynamics, with appropriately modi ed (turbulent) transport coe cients and relaxation times then provide a simple model also for turbulent ow.
The simplest such models apply phenomenologically parametrized turbulent transport coe cients, relaxation times, etc., and it is clear that this simpli cation a ect the causality properties of originally hyperbolic equations, in particular because they are used in junction with state variables corresponding to the gas, rather than turbulence. It is tempting, therefore, to model these systems by truncating the set of originally hyperbolic equations even further, towards a simpli ed system that still possesses enhanced causal properties compared to Navier{Stokes{Fourier. A straightforward and reasonable such approximation is to replace the conservation laws of a divergence-type theory like the one by Liu, M uller, & Ruggeri 15] by the transport equations of M uller{Israel{Stewart. The resulting description might no longer be strictly hyperbolic, but will generally guarantee nite propagation speeds and satisfy the entropy and relativity principle.
The extended theories provide a model for evolving dissipative uids in a causal and stable manner. It has been shown that solutions to certain extended hyperbolic systems remain close to the solutions of the original non-hyperbolic equations in a mathematically well-de ned and physically meaningful sense (cf. Nagy, Ortiz, & Reula 18] for heat ow, and Geroch 6], Lindblom 13] for uids). In addition, these theories allow to describe physical systems which cannot be modeled by Navier{Stokes{Fourier (cf. Anile, Pa von, & Romano 1]), in particular situations where the relaxation times are not equal to the microscopic collision time.
Summary
We have provided a 3+1 representation for three di erent types of dissipative relativistic uid theories. Probably the most complete among these are the hyperbolic theories of divergence-type, where the usual conservation equations for the particle current vector and the stress-energy tensor are solved together with a third conservation law for the rank-3 dissipative ux tensor, for which an appropriate closure relation is given. In contrast to the Navier{Stokes{Fourier description, the dissipative quantities are now independent dynamical variables. Riu, M uller & Ruggeri 15] have explicitly formulated such a theory, and we have given the corresponding 3+1 representation.
An earlier causal dissipative relativistic uid theory has been formulated by Israel 9 ] and Israel & Stewart 10] on the basis of extended, second order thermodynamics. This theory is not of divergence-type and not known to be strictly hyperbolic, and its additional thermodynamic potentials and causal structure are less constrained. However, the transport equations it provides for the dissipative uxes are contained within the Riu{M uller{Ruggeri theory as an approximation. In their simplest, decoupled Maxwell{ Cattaneo form, these transport equations describe the relaxation on nite timescales of dissipative uxes towards the standard Navier{Stokes{Fourier expressions. This represents the simplest covariant improvement over the parabolic Navier{Stokes{Fourier equations, which guarantees nite signal propagation and is a reasonable rst approximation also for many applications where turbulent transport dominates.
The equations provided in this paper improve on those derived previously by Peitz & Appl 20] (PA). First, PA was concerned exclusively with the theories of M uller{Israel{ Stewart and Eckart, and second, no explicit use was made of the orthogonality between the dissipative uxes and the uid velocity. This property reduces the number of inde-pendent components of the heat ux and the viscous stresses, and allows us to formulate 3+1 dissipative uid dynamics in terms of the bulk pressure, the three components of the horizontal heat ux vector, and the ve components of the horizontal stress tensor. In the non-relativistic limit these quantities possess their familiar meaning. With respect to the diversity in potential applications we have avoided any further speci cation of our 3+1 equations. A coordinate-free formulation was chosen to outline the tensorial structure of the uid theories and of the 3+1 technique. Speci cation to any patch of coordinates is straight forward.
